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Mixturesof InverseCovariances
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�
andAnanthSankar

Abstract

We describeamodelwhichapproximatesfull covariancesin aGaussianmixturewhile reducingsignificantlyboth
the numberof parametersto estimateand the computationsrequiredto evaluatethe Gaussianlikelihoods. In this
model,the inversecovarianceof eachGaussianin the mixture is expressedasa linearcombinationof a small setof
prototypematricesthataresharedacrosscomponents.In addition,we demonstratethebenefitsof a subspace-factored
extensionof thismodelwhenrepresentingindependentor near-independentproductdensities.We presentamaximum
likelihoodestimationalgorithmfor thesemodels,aswell asa practicalmethodfor implementingit. We show through
experimentsperformedon a variety of speechrecognitiontasksthat this modelsignificantlyoutperformsa diagonal
covariancemodel,while using far fewer Gaussian-specificparameters.Experimentsalsodemonstratethat a better
speed/accuracy trade-off canbeachievedon areal-timespeechrecognitionsystem.

Index Terms
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I . INTRODUCTION

A majorbottleneckto thescalabilityof Gaussianmixturemodels(GMM) in highdimensionsis thequadraticnature
of theGaussiancovariances.In aspacewith asfew as20dimensions,thenumberof parametersdevotedto representing
Gaussiancovariancesis alreadyoneorderof magnitudegreaterthanthenumberof parametersdevotedto theGaussian
means.Thismeansthat,evenin aspacewith areasonablysmalldimensionality, whendataassignedto agivenmixture
componentis scarce,the covariancematrix of this componentis going to be affectedfirst by the lack of data,even
whenthatamountof datawouldbesufficient to estimatethecomponent’s mixtureweightandmeanvectorreasonably
well.

It is alsowidely known that themaximumlikelihoodestimatorof a covariancematrix is not well conditioned:in
thelimit, while ameanvectoris still well definedif a singleinput vectoris assignedto thecomponent,thecovariance
matrix is singularif therearefewer input vectorsthanthedimensionalityof thespace.A goodintroductionto these
issuescanbefoundin [1, Chapter1]. This lack of robustnessof thecovariancematrix estimatorlimits thescalability
of aGMM in two ways:� thenumberof parameterspercomponentbeinglargein highdimension,thenumberof componentsin themixture

cannotgrow largerthanasmallfractionof thesizeof thetrainingset,� thedimensionalityof theinput spacewhich canbemodeledusinga GMM cannot grow to largevalueswithout
compromisingrobustness.

In addition,theevaluationof the log-likelihoodof a Gaussiancomponentamountsto computinga quadraticform in
the input parameters,which requiresa numberof floating point operationswhich is quadraticin the dimensionality.
Thiscomputationalexpensecanbeprohibitive for statisticalmodelsthatareusedin real-timeapplications.

However, oneof the very attractive featuresof GMM is that they allow tradingof someof the resolutionat the
componentlevel for anincreasednumberof componentsin themixture. It is very commonto imposesomestructure
to the covariancematrices,thus reducingthe numberof parametersrequiredto describethem, while growing the
numberof componentsin themixture to compensatefor the lossin precision.Thesimplestway of achieving this is
to constrainthe covariancesto be diagonal. For a given component,this implies an assumptionof independenceof
the featurecomponents.However, with a larger numberof componentsdevoted to the sameportion of the feature
space,themixturecanstill modelcorrelationsto anarbitraryprecision.Constrainingthecovariancesto bediagonal
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implies that the datamodeledby eachcomponentis assumedto be uncorrelated.However, the joint probability of
several

�
componentsin the mixture doesnot needto be decorrelatedto be modeledaccurately. The benefitsof this

assumptionlie in the fact that a diagonalcovariancehasa numberof parametersequalto the dimensionality. This
removesto a largeextentall thescalabilityissuesof theGMM by keepingthenumberof parametersrequiredto model
thecovarianceequalto thenumberof parametersdescribingthemeanvector. In addition,thecostof evaluatingthe
log-likelihoodof any Gaussianin themixtureis now linearin thedimensionaswell.

In thecontext of acousticmodelingfor automaticspeechrecognition(ASR),theassumptionthatfeaturecomponents
aredecorrelatedholdsto someextent. Typical speechinput featuresareweaklycorrelatedbecausethefinal stageof
the front-endprocessingis someform of whiteningof the featurevector. This canbe achieved througha Discrete
CosineTransformthatapproximatestheKarhunen-Lòeve transform[2] in thecaseof standardMel filter-bankcepstral
coefficients(MFCCs)[3], perceptuallinear prediction(PLP) [4] or RASTA/PLP [5]. Anothercommonapproachis
to uselineardiscriminantanalysis[6] on a higher-dimensionalfeaturespaceto extractorthogonalfeatures.However,
explicit modelingof the correlationsgenerallyleadsto bettermodels[7], both in termsof improving recognition
accuracy andreducingthe sizeof the mixturesrequiredto model the acoustics.Several schemesimposingweaker
constraintsto the covariancematriceshave beenproposedto improve the simplediagonalmodel. In general,these
modelsbelongto oneof threecategories:� modelsfactoringthe Gaussiansinto independentsubspaces,thusconstrainingthe covariancesto have a block

diagonalstructure[8],� modelsusinga transformof thefeaturespaceto bettermatchthedecorrelationassumption[9], [10], [11],� modelsperforminganexpansionof thecovariancematrix into simplerapproximations[12], [13], [14], [15].
In thefollowing, we presentanefficient way of modelingandestimatingcovariancesin a GMM througha mixture

of inversecovariances(MIC). TheMIC modelrepresentseachinversecovariancematrix asa linearcombinationof a
small setof prototypematrices.While theprototypematricesaresharedacrosscomponents,the linearcombination
weightsareGaussian-specific,allowing a controlledtrade-off betweenprecisionof themodelandtheper-component
complexity. We thenexploit the idea of subspacefactorizationto improve the model for productsof independent
or near-independentsources.We derive maximumlikelihood estimationalgorithmsfor thesemodelsanddescribe
a practical implementation.An implementationof this model on a real-timeASR systemshows that this method
improvesaccuracy significantlyover a standarddiagonalmodel,andprovide a significantlybetterspeed/ accuracy
trade-off.

SectionII describestheMIC modelandrelatedapproaches.SectionIII appliestheMIC modelto acousticmodeling
in ASR.SectionIV detailshow to computeaGMM usingtheMIC modelanddescribesthevariouscomplexity trade-
offs. SectionV describethe maximumlikelihood estimationalgorithms. Finally, SectionVI detailsexperimental
resultson avarietyof ASR tasks.

I I . M IXTURES OF INVERSE COVARIANCES

A GMM for a � -dimensionalinput vector � , composedof � Gaussianswith priors ��� , means	 � andcovariances
 � canbeexpressedas: �
� ���
� �� ����� ����� � ����	 � � 
 ���
Where: � � ����	 � � 
 ���
� � 
 � �� ��"!$# �&%(' ��)*$+-, �/.103254/687 )0 +�, �/.1052 (1)

Althoughthis formulationformally treatstheinputasamixtureof Gaussiansources,in mostcasesthereis only one
sourcegeneratingthe input signal,andthevariousmixturecomponentsareusedto modelthenon-Gaussianityof its
distribution. As aconsequence,therearestrongrelationshipsbetweentheparametersof thevariouscomponentsin the
mixture.

This is generallythecasein acousticmodelingfor ASR. The input featuresareweaklycorrelatedwith eachother
acrosstheentirefeaturespace,andthis decorrelationcanthusbeexpectedto reflectin thecovariancestructureof all
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components.In addition,someof the featurecomponentssuchascepstralderivativesaretypically computedfrom
othercomponents,9 introducingsomerecognizablepatternsin the structureof typical covariancematrices.This last
point will bediscussedin moredetailsin SectionIII.

Assumingthatthereis indeedmuchredundancy in theparametersof thecovarianceof a typical GMM, it is natural
to considercompressingthis informationinto fewerparametersthatcanbeestimatedrobustly, andwhichwill resultin
amorecompactrepresentationof theprobabilitydensity. By treatingthecovarianceparametersasahighly redundant
input signal,techniquesof lossycompressionsuchasvectorquantization(VQ) [16] canbeappliedto theproblem.

In theMIC model,theinversecovariances1 in themixturearerepresentedusingasmallsizedcodebookof prototype
symmetricmatrices:<;=��>@?BA�C$�EDGF . In contrastwith a“hard” clusteringtechniquesuchasVQ, thedegreeof association
of agiveninversecovarianceH with aprototype> is representedby ascalarIJ;LK � ?@M , sothat:
 � �� � N�; ��� I/;OK � :P; (2)

In that respect,this formulationis similar to mixture modelssuchasgeneralizedadditive models[17, Chapter9] or
fuzzy clustering[18, Chapter8], which make a soft decisionwhenassociatingadatasampleto a mixturecomponent.
Notethatunlike thecaseof mixturesof densities,themixture“weights” I/;LK � arenotconstrainedto sumto oneor even
to be positive. In [15], we constrainedthe :P; to be positive definite,but herewe will not make that assumptionin
general,andwill highlight thebenefitsof having apositivity constraintwhenthey specificallyarise.Thereareseveral
argumentsin favor of asoftclusteringschemeasopposedto ahardonein thecurrentcontext. In particular, theoverall
scaleof typical covariancematricescanvary dramatically, andthis featureis well capturedin theweightsof theMIC.
In addition,the soft clusteringmodelretainsa numberof Gaussian-specificparameters— the D weights, D being
anywherebetween1 and � � �RQSCO�UT ! , which makesit muchmoreexpressive at a controlledlevel of complexity. In
SectionIV, wewill seethatthecomputationalcomplexity of thismodelis directlyproportionalto D .

A. RelatedApproaches

By imposingsomeadditionalstructureonto theprototypes,many differentcovariancemodelscanbeexpressedin
theform of MIC. Considerthesymmetriccanonicalbasisof matricesVW� K X , whoseelementsare0 everywhereexceptat
locations

� H���YZ� and
� Y[�UH\� wherethey are1. Theunconstrainedfull covariancemodelcanbeexpressedby having::P;Z��>@?]A�C$�E� � �^Q_CO�UT ! Fa`_V � K X �bCdc]YecfHgch�

andthediagonalcovariancemodelby having: :P; `iVW;LK ;j��>@?kA�C$�E�lF
It is clearthatby relaxingthesestrongconstraintsonthestructureof theprototypes,abettermodelcanbeachievedwith
thesamenumber( D ) of Gaussian-specificparameters.Severalwell-known covariancemodelsfall underthis general
class. Semi-tiedcovariances[10] expresseachinversecovariancematrix


 � �� using a diagonalinversecovariance
matrix �m� anda transformn sharedacrossGaussians:
o� �� �_no�m�"nPp
Thecomputationalbenefitsof thismodelareobvious,sinceit differsfrom aplaindiagonalmodelby asimpletransform
of the featurevector. As wasremarked in [13], by consideringthe rows q ; of the transformmatrix n , and rZ;OK � the
diagonaltermsof matrix � , this canberewrittenas:
 � �� � %�; ��� rZ;OK � q ; q p;) Inversecovariancematricesaresometimesreferredto as“precisionmatrices”or “concentrationmatrices”.Thechoiceof modelinginverse
covariancesasopposedto covariancesis drivenby thelog-likelihoodof a Gaussian,which hasa simpleexpressionasa functionof theinverse
covariance(Equation1).
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Sinceany rank-onematrixcanbeexpresseduniquelyastheproductof avectorandits transpose,thesemi-tiedcovari-
ancemodels is aninstanceof theMIC modelin Equation2 with Dt�_� , andwith soleconstraint:Rank

� :P;j�
`uC .
Factoredsparseinversecovariancematrices[9] area moreconstrainedmodelin which thetransformn is anupper

triangularmatrixwith onesalongthediagonal.Themainbenefitof thismodelis thattheoptimizationof thetransform
matrix in theEM framework is now linear, owing to thefactthat � 
 � �� � � � �m� � is independentof thetransform.In this
case,theclassof prototypematricesthatcorrespondto this modelis a collectionof rank-oneblock-diagonalmatrices
generatedby thefamily of vectors: q�v; �^A wyxzxzx{w C|L}z~L�; � v;LK ;z� � xzxzx � v;OK % F p

In [13], theextendedmaximumlikelihoodlineartransform(EMLLT) modelwasintroduced,generalizingthesemi-
tiedapproachto D���� . Finally, a recentpublicationpresentedthesubspaceof precisionsandmeans(SPAM) model
[14] which independentlygeneralizedthemixtureapproachto matricesof any rank.

B. Class-basedPrototypeAllocation

As the numberof matricesto be modeledgrows, the numberof prototypesrequiredto modelall the covariances
accuratelymightgrow to thepointof makingthejoint estimationof all theprototypesaswell astheGaussianlikelihood
evaluationcomputationallyexpensive. (SeeSectionIV for a detailedanalysisof the computationalcost of these
models).For moreefficient modeling,onemight considerusinga class-baseddecompositionof theGaussianmixture
andallocateadistinctpoolof prototypesto eachclass:� H�?���� 
o� �� � N���; ��� I/;LK � :o�jK ;
This limits the numberof Gaussian-specificparametersto D � , while allowing the pool of prototypesto grow much
larger. Thedeterminationof appropriateclassescanbedictatedby theproblemathand,or derivedin aprincipledway
in thesamevein asclassifiedVQ approaches[16, Section12.5].

C. SubspaceFactorization

An extremelypowerful extensionof the basicmodelis to considerthe caseof probability densitieswhich, at the
componentlevel, canbeassumedto betheproductof independentor near-independentdistributions.In thissituation,
thecovariancematricesof themixturecomponentswill have a block-diagonalstructure.Note thatwe do not require
thecompletedistribution to be(near-)independent, sincethedifferentmixturecomponentscanstill modelcorrelated
events.However, thelimit caseof adistribution which is globally theproductof independentdistributionsis usefulto
illustratethefollowing point: if theprobabilitydensityin oneof theindependentsubspacesbearsno relationshipwith
thedensityin distinctsubspaces,thenthereis no modelingbenefitat clusteringthedistinctsubspacesjointly.

Let us thusconsidera block-diagonalmodel,with an independentsetof prototypesandbasesfor eachsub-block.
Considering� covariancesub-blocksof dimensionality�(� :
 � �� K � � N���; ��� IJ;LK � K �5:P;LK �
Theadvantagesof this modelaremultiple. First, theglobalestimationproblemis decomposedinto multiple, lower-
dimensionalproblemsthat will be lessexpensive to solve. In addition, the costof evaluatingthe log-likelihood of
a subspace-factoredmodel is lower. The last advantageis of combinatorialnature: a block-diagonalsystemwith� subspacesand D prototypesper subspacecontainsimplicitly D�� “full” prototypes,while only requiring D��]�
weightsperGaussian.As a result,for a givennumberof Gaussian-specificparameters,thesubspace-factoredmodel
canmake useof a largercollectionof prototypesthanits single-blockcounterpart.

This meansthat if the independenceof thedistinctsubspacescanbeassumed,thereis a modelingbenefitin using
a block diagonalmodelinsteadof a full covariancemodel.This subspacedecompositionmethodis known in coding
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aspartitionedVQ [16, Section12.8] which is thesimplestinstanceof a productcode. In ASR, this hasbeenusedto
revive the

�
conceptof VQ-basedacousticmodelingusingdiscretemixture hiddenMarkov models(DMHMM) [19],

which comparewell with standardhiddenMarkov models(HMM) which useGMM asunderlyingdensitymodels,
andallow for a morecompactrepresentationof cepstralparameters[20]. In GMM/HMM systems,thesameideahas
beenexploitedby performingsubspaceclusteringof theGaussiansin amixture[21].

I I I . APPLICATION TO ACOUSTIC MODELING

In acousticmodeling,GMM aretypically usedin conjunctionwith HMM [22]. Eachstateof theHMM corresponds
to asub-phoneticunit, andtheconditionalprobabilityof theacoustics,giveneachstate,is modeledusingaGMM. All
of theGMMs from all thestatesin theHMM canbeconsideredasalargeGMM with thesamecomponentparameters,
exceptfor themixture weightswhich arenow state-dependent:if a Gaussianin the mixture doesnot correspondto
a givenstate,thenits state-dependentweight is 0, otherwiseit is unchanged.This analogyextendsto theestimation
algorithmitself: for thepurposesof estimatingthestateGMM parameters,theBaum-Welchestimationalgorithmcan
actuallybetreatedasanEM algorithm[23] over theentirepooledGMM.

In the simplestapproach,the MIC modelcanthusbe usedto tie the completesetof covariancesin the acoustic
model. All theGaussiansarepooledinto a singleGMM usingthepriorsestimatedfrom theHMM stateoccupancy
probabilities,andtheprototypesareestimatedon theentiremixture. A slightly moreinvolvedapproachusesseparate
MIC for distinct stateclasses.For this purpose,stateclassescanbe constructedin a data-driven fashion,or using
linguistic knowledgederivedfrom thesub-phoneticunitsassociatedwith eachstate.While this leadsto a significant
increasein the total numberof parametersin the system,the additionalcomplexity at run time canbe alleviatedby
only computingtheprototype-dependent featuresfor theactive statesatany giventimeduringthedecoding.

In orderto take advantageof thesubspace-factoredapproach,it is necessaryto determinewhich correlationcom-
ponentscanbe discardedwithout any loss. The following analyzesthe caseof modelsbasedon MFCC [3] feature
vectors,anddemonstratesomenon-intuitive resultsasto whichcomponentsof theMFCC-derivedcovariancematrices
arerelevant.SectionVI-D will latershow experimentalresultsvalidatingthisapproach.

Theglobalstructureof acovariancematrix resultingfrom aMFCCinput vectoris describedin Figure1.���z���U�U���J���(  ¡ r �r ¢ '� ' £
Fig. 1. Structureof covariancematricesdescribingMFCC inputs. SortingtheMFCC featurevectorinto 3 blockscontainingrespectively the
cepstra,first andsecondorderderivative, thecovariancematrixcanbedecomposedinto 9 blocks.For example,block(d) modelsthecorrelations
betweenthecepstralfeaturesandtheir derivatives

Eachcomponentof thematrix modelsdistinct typesof correlations,someof which canbequalifiedasstructural,
andothersincidental. Structuralcorrelationsresultfrom theway featurecomponentsarecomputedfrom eachother,
leadingto dependenciesbetweenthem. Incidentalcorrelationsarea resultof the relationshipsbetweencomponents
preexisting in thedatabeingmodeled,independentlyof thefront-endprocessing.

A goodexampleof structural vs. incidentalcorrelationoccurswhenbuilding MFCC derivativesout of thecepstral
coefficients. Typically, for a given input observation � �3¤ � at time

¤
, thederivative would becomputedby applyinga

finite impulseresponse(FIR) filter ontotheobservationsequencesuchasdepictedin Figure2. Thecommonfeatures

tt=0

Fig. 2. Profile of a FIR filter usedto computethe cepstralderivative from a sequenceof observations. Note that the valueof the input at¥/¦@§
is not typically usedin thecomputation,which impliesthatcorrelationsbetweenthecepstrumandits derivative will only resultfrom time

correlationsin thesignalitself.

of thefilters usedarethat they estimatethevalueof thesignalat
¤P¨ w andsubtractit from anestimateof thesignal
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at
¤ ��w overasmallwindow. Notethatherethecurrentinput � �3¤ � is not involved. As aconsequence,any correlation

arisingbetween© �3¤ � and � �3¤ � wouldbeincidental, i.e. wouldbeproviding informationabouttherelationshipbetween
consecutive framesof data.

Whencomputingthesecondorderderivatives,a typical profile would beasdepictedin Figure3. In this case,the

t

t=0

Fig. 3. Profileof a FIR filter usedto computethecepstralsecondderivative from a sequenceof observations.Notethatthevalueof theinput
at
¥�¦B§

is heavily weightedby this typeof filter, which implies that therewill bestructuralcorrelationsbetweenthecepstrumandits second
derivative.

component� �3¤ � is explicitly part of the expressionof ©   �3¤ � , andthustherewill be a structuralcorrelationbetween
the H"ª¬« MFCC componentandits corresponding©   �3¤ � component.Theseconsiderationsgenerallyhold regardlessof
theactualimplementationof thecomputationof thederivatives,however theexactdistribution of structuralcorrela-
tions dependshighly on thespecificsof the featureextraction. Figure4 illustrateswhich componentsof the inverse
covariancematrixarestructurallylargein magnitudein thesituationjustdescribed.���z���U�U���J���(  ­ ­­­ ­
Fig. 4. Structuralcorrelationsin a typicalMFCC-derivedinversecovariancematrix. Thelargemagnitudecomponentsaretheresultof theway
thesecond-orderderivativesarecomputedfrom thecepstralcoefficients.

Theimportanceof thisdistinctionlies into thefollowing observation: while structural correlationsareusuallylarge
in magnitude,they do not provide any real informationaboutthedata,andthusmodelingthosewill not improve the
modelmuch.On theotherhand,incidentalcorrelationscanbesmallerin magnitude,but they bring informationabout
thedata,andexplicitly representingthesewill improve themodel.

To illustrate this point, the following experimentswerecarriedout. Several otherwiseidenticalacousticmodels
weretrainedusingdifferentcovariancestructures.Theerrorratesof recognitionexperimentsrun usingtheseacoustic
modelsarereportedin Figure5. Thetest-setis describedin SectionVI. Each( ) representsablockof non-zeroentries
in thecovariancematrix,while anemptycell denotesentriesthatwerezeroed.­ ­ ­® x°¯j± ²³x°´j± ²³x°´j±

²³x¶µZ± ²³x�CO± ²³x·w=±
Fig. 5. Error ratesfor differentcovariancestructures,rangingfrom diagonal(top-left) to full (bottom-right).Notethatmostof thegainresults
from modelingwithin-block correlationsalongthediagonal.Adding theblock correspondingto correlationsbetweencepstraand ¸ * , mostof
whicharestructural, doesnot improve theaccuracy significantly. Introducingcorrelationsbetweencepstraand ¸ improvestheperformanceby
a proportionallylargeramount.

FromFigure5, it is clearthatmodelingthecorrelationswithin blocks,i.e. incorporatingthe3 blocksdenoteda, b
andc in Figure1 into themodel,is responsiblefor a largepartof thebenefitsof full covariancemodelingwith respect
to diagonalmodels.It is alsoclearthataddingthecorrelationsbetweencepstraand

�( 
(block f), which arelarge in

magnitudebut mostlystructural,doesnot causea significantdecreasein error rate. On theotherhand,incorporating
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correlationsbetweencepstraand
�

coefficients (block d) brings the performanceof a 2 block systemcloseto the
performances of a full covariancemodel.

In conclusion,it appearsthatthreeclassesof modelsareof interestfor MFCC-basedsystem.Thesearethemodels
whoseerrorratefiguresareunderlinedin Figure5. Thefirst model(onthelowerright of thefigure)is afull-covariance
model,thatwill bereferredto asa“1-block” model.Thesecondoneis a “2-block” model,oneblockmodelingjointly
thecepstraand

�
features,andthesecondmodelingthe

�  
. Thethird “3-block” modelusesoneblock pergroupof

features:cepstra,
�

and
�( 

. Detailedanalysisof theperformanceof MIC appliedto thesemodelsis carriedout in
SectionVI-D.

IV. L IKELIHOOD COMPUTATION

Thelog-likelihoodof GaussianH for observationvector � canbewritten:¹ � � �8�º� £ �a» C! � � » 	 � � p 
 � �� � � » 	 � �
usingtheconstant:

£ ��� C! �½¼¿¾[À � 
 � �� � » � ¼�¾[À�!$# �
When


o� �� �ÂÁ N; ��� I/;LK � :P; : ¹ � � �a��� £ �a» C! 	 p� 
 � �� 	 �| }Ã~ �Ä"Å0 » N�; ��� I/;OK � C! � p :P;L�| }z~ �Æ=Ç»ÉÈ¬» 
 � �� 	 �3Ê| }Ã~ �Ë 0 p �
Theterm �  	 p� 
 � �� 	 � canbeabsorbedinto theconstant£ v� . Thevector ÌuÍ/A Îº�Ïxzxzx�Î N F p is independentof theGaussian
andcanbecomputedasanadditional D -dimensionalfeaturevectorappendedto � . Ð�� is a D-dimensionalGaussian-
specificvector, which leadsto expressingtheGaussiancomputationin termsof:� An extendedfeaturevector: � v �ÒÑ �ÌÔÓ ,� A Gaussian-specificparametervector: Ð v� � Ñ Ð��Õ � Ó , with

Õ �Ï�ÖA·Ia� K �³xzxzxÃI N K �5F p .

Usingthisnotation,thelikelihoodcanbeexpressedasascalarproductbetweenthesetwo D×QÉ� dimensionalvectors:¹ � � �a�
� £ v� » Ð v� p � v
This computationrequires�^QØD sumsandproducts,to becomparedwith

! � for a diagonalGaussian.Notethat D
canbesmallerthan � , in whichcasetheGaussiansarelessexpensive to evaluatethanin thediagonalcase.

Thefront-endoverheadis limited to thecomputationof Ì . Whentheprototypesarepositive definite,thequadratic
form canbedecomposedinto its Cholesky factorization:C! :P;P�_��;Ù�gp;
Theresultingcomputation: Ú ; � ���º�i� p; �ÜÛ Î�;<� Ú ; � �a� p Ú ; � �8�
useon theorderof �  D��   multiplications.

Whenusingaclass-basedapproachwith Ý classes,thisoverheadgrowsas �  Ý<D��   , unlesstheclassesto which the
significantGaussiansbelongcanbepredictedandcomputationscanbesaved.This is thecasefor examplewhenusing
state-dependentclassesin aHMM: only the Ì correspondingto active statesneedto becomputed.
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Whenusingasubspace-factoredmodel,thefront-endoverheadis reducedto:C! � � DÞ���  � c C! DfA �lßÙà� �(��F  
In bothcases,thelog-likelihoodcomputationitself is unaffected.

Note that, using this formulation, it is possibleto performpartial evaluationof the Gaussianfor the purposesof
quickly pruninginsignificantGaussiansin themixture.Since:Ì p Õ �a�i� p 
 � �� �âá�w
Wehave theinequality: ¹ � � �a�ã� £ v� » Ð��"p�� » ÌPp Õ �c £ v� » Ð��"p��
This upperboundon thelikelihoodcanbetestedwithout any additionalcomputation,prior to a full evaluationof the
Gaussian,in orderto determineif theGaussianis significantor not.

It is alsocommon[24] to weighttheGaussianlog-likelihoodin amixtureby a factor äåcÂC suchthat:�
� ���
� �� ����� ���UA � � ����	 � � 
 �"��F5æ
Thisexponenttypically improvestheperformanceby reducingthedynamicrangeof theGaussianscoreswhendiago-
nal covariancesareused.Whena MIC modelis used,ä needsto betunedfor theparticularmodelused.In thelimit,
themodelapproximatescloselyenoughthefull covariance,thevalue äç�uC is optimal.

V. MAXIMUM L IKELIHOOD ESTIMATION OF THE MODEL

Thesamplecovarianceestimatedfrom theobservations �/è andpriors éZ� K è will benoted:ê
 �Ï� � è é³� K è � ��è » 	 � � � ��è » 	 � � p (3)

Giventheindependentparameters���\��	 � , andthesamplecovariance
ê
 � , theparametersof themodel

� :ë�Eì�� , with:: � íÙ:î�b�zxzxzx��{: N<ïì � í Õ �z�zxzxzx�� Õ � ï
canbeestimatedjointly usingtheEM algorithm[23].

Using ð p n ð]�_ñ �L� noð
ð p � , theauxiliary functioncanbewritten:òÞ� :ë�Eìy�ó� �� �¿��� � è é � K èºÈ ¼¿¾[À � 
 � �� �» � �/è » 	 � � p 
 � �� � ��è » 	 � ��ô� �� �¿��� ��� È ¼�¾[À � 
 � �� � » ñ �gõ 
 � �� ê
 �½ö Ê (4)

With theconstraintthat: 
 � �� � � ; I/;OK � :P;
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A. CastingtheProblemin Termsof Convex Optimization

Maximum-likelihoodestimationof theparameters
� :ë�Eì�� of themodelcannot be performedby a direct method.

However, owing to theconcavity of
¼¿¾[À � n � when n is positive definite[25], andto thelinearity of thetrace,boththe

functions
òl� : � ì�� and

òl� ì � :d� areconcave on thedomain

 ��÷_w (read“the domainin which all thecovariances


 �
arepositive definite”). Moreover, thedomains:� ¹ Íjì�Tøí � HE� Á IJ;LK � :<;î÷�w ï�åù ÍZ:ÂTîí � HE� Á IJ;LK � :P;î÷hw ïarebothconvex.

Thus,theproblemof jointly estimating: and ì canbedecomposedinto two convex optimizationproblemsto be
solvediteratively:

Maximize
òÞ� ì � :d� Maximize

òl� : � ì��
Subjectto ìú? ¹ Subjectto :Ö? ù

It is interestingto relatethis approachto the classicLloyd clustering[16, Section6.2] andEM algorithms. The
maximizationof

òl� ì � :d� is similar to the nearestneighborpartitioning stepof Lloyd, except that the partitioning
performedhereis a “soft” allocationof thecovarianceto thevariousprototypes.In thatrespect,it is similar to the V
stepof theEM algorithmappliedto GMM, whichcomputestheclassallocationweightsfor eachmixturecomponent.
Themaximizationof

òÞ� : � ì�� , on theotherhand,is akin to thecentroidcomputationof theLloyd algorithmor the �
stepof theEM algorithm,which bothattemptto comeup with a bettersetof component-dependentparametersgiven
thefixedcomponentallocationscheme.

Here,thedistortioncriterionusedfor boththe“partitioning” andthe“centroidcomputation”is the
ò

function.Up to
constantterms,it is identicalto theMDI criterion,whichhasalreadybeenusedasacriterionto clusterGaussians[26]
in thedesignof Gaussianmixtures.In thesectionsthatfollow, wedescribeasuccessionof algorithmsfor reestimating
theweights,initializing theweights,reestimatingtheprototypesandinitializing theprototypesof aMIC.

B. Reestimationof theWeights

Theweightestimationgiventheprototypecovariancescanbeperformedefficiently usingaNewtonalgorithm[27].
Thegradientof theauxiliary functioncanbecomputedusing(seee.g.[28]):û ¼¿¾[À � n �3ü � �û ü �iñ � Ñ n � � �3ü � û n �3ü �û ü Ó
Thus: ûû I/;LK � ¼¿¾[À � 
o� �� � �_ñ ��� 
 ��:P;Ù�
Since: ûû I/;LK � ñ �gõ 
 � �� ê
 � öo�iñ �gõ :P; ê
 � ö
Thegradientis: û òû IJ;LK � �ýñ � È :P; � 
 � » ê
 ��� Ê (5)

In the following, we will sometimesrepresenta symmetricmatrix n in vectorform — noted þlÿ , constructedby
stackingtogetherthediagonal��� andthesuper-diagonals��� �UH�?]A�C$�E� » C F multiplied by

� !
:þ ÿ �ÖA�� p� � ! � p � xzxzx � ! � p% � � F p

The
� !

factorensuresthat: ñ �L� n��(���iþ ÿ p�� ÿ
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This identity mapsa symmetricmatrix representationandits associatedFrobeniusnorm into a vectorrepresentation
with minimals dimensionality( � � � QRCO�UT ! ) and the more familiar �   norm. It is alsoa memory-efficient way of
representingsymmetricmatriceswhich is well suitedto theimplementationof thereestimationalgorithms.Usingthis
convention,anddenoting	×�uA�
 ÿ � xzxzx�
 ÿ ; F , wecanwrite Equation5 as:û òû ìg� �
	øp ��� ÿ � » ê� ÿ � � (6)

Thecomponentsof theHessian� canbecomputedusingtheidentity:û n � � �3ü �û ü � » n � � �3ü � û n �3ü �û ü n � � �3ü �
Which resultsin: û/  òû IJ;LK � û I/�¿K � � ñ � Ñ :P; û 
 �û I/�¿K � Ó� » ñ � A·:P; 
 � :P� 
 � F
Underthemild assumptionof linearindependencebetweenthe :P; , theHessianis invertible.

Proof: If íÙ:<;=��>]?ýA�C$�EDGF ï is an independentfamily, since

 � is full rank,so is íÙ:P; 
 � ��>]?úA�C$�EDGF ï . Consider

the D �@� � �×QýCO�UT ! matrix �y� whose> ª3« columnlistsall theentriesof :P; 
 � in any consistentorder. Thematrix �y�
is nonsingular, andwe have:

� � � » � p� � �
Thusfor any � ��_w :

� p �(���ó� » � �y���i� p � �y���_� ¨ w
andconsequently�l� is negative definite,thusinvertible.
In theunlikely caseof someprototypesbeinglinearly dependenton others,all theinversecovariancesexpressedasa
linearcombinationof theprototypescanalwaysbeexpressedasa functionof a smallersetof independentones,for
which theHessianwill beinvertible.

Theoptimizationcanbenoticeablysimplifiedby remarkingthatfor any covariance



:

� ÿ p � � � ÿ �_ñ �Ù� 
 
o� � �
�_� � �
��� �l���J� � ¾��Jß[¼ � ��� �
For

Õ
to bea maximum-likelihoodweightvector, thegradientin Equation6 is necessarilyzero,and:

	 p � ÿ �
	 p ê� ÿ
Thus,using:

� � � ÿ �
	 Õ
Wehave:

� ÿ p 	 Õ � � 	 p ê� ÿ � p Õ �_�
This relationshipdefinesanaffinehyperplaneorthogonalto:Õ ���i� 	 p ê� ÿ� 	 p ê� ÿ �   (7)

in which
Õ

is constrainedto live. Denoting � abasisof theorthogonalof 	 p ê� ÿ , wehave:Õ � Õ ��Q � Õ v
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Thegradientascentalgorithmcannow beperformedon
Õ v ?"! �/ß#�Ï� �<� , whichis of dimensionD » C , by projecting

theNewton$ updateonto ! �/ß#�Ï� �d� . TheHessiancanbecomputedeasilyusingEquation7 at eachstepof theiteration,
leadingto anupdatestep: %& �'� � � 	 p ��� ÿ » ê� ÿ �
Which,projectedonto ! �/ß#�Ï� �d� , becomes:

& � %& » Õ p� %&� Õ � �   %& (8)

By concavity of
òl� ì � :d� , thealgorithmwill convergeto aglobalmaximum.TheNewton update:Õ)( Õ Qåé & (9)

convergesaftera few iterations.In generaléç� C , althoughin thefirst stepsof theiterationit sometimesneedsto be
reducedto prevent intermediateestimatesof

Õ
to stepoutof

¹
.

C. WeightInitialization

If theprototypesarepositive definite,then
Õ �<? ¹ .

Proof: The > è+* elementof
Õ �'	 p-, ÿ is:IJ;<�Â: ÿ ; p , ÿ �_ñ �Ù� :P; , �

Since :<; and , arepositive definitesymmetricmatrices,ñ ��� :<; , ���×IJ;l�ýw . As a consequence,	 Õ �<�SÁ ; I/;Ù: ÿ ;
is a linearcombinationwith positive weightsof positive definitematrices.Fromthedefinitionof positive-definiteness:� >��ºð p :P;Lðf��w ��I/;î��w Û � ; I/;Oð p :P;Ùðf��w
And 	 Õ � is positive definite,which implies

Õ �P? ¹ .
We will seein SectionV-E that the methodthat we usefor generatingthe initial prototypesguaranteespositive-
definiteness,andthus

Õ � canbeusedto initialize thealgorithm.

D. Reestimationof thePrototypes

In order to reestimatethe prototypesgiven the weights,the
ò

function in Equation4 hasto be maximizedwith
respectto eachprototype :P; . With n a symmetricmatrix, usingthecofactordecompositionof thedeterminant,we
have (seee.g.[29]): û � n �û n/.z� K X � 021 � K X �43�H��fY! 1 � K X �43�H5��fY
Where

1 � K X arethecofactorsof n , and n5.z� K X denotesthe
� HE��Y³� entryof matrix n .

Similarly, if ni� Á ; I/;Ln ; : û � n �û no;6.z� K X � 0 I/; 1 � K X �43�H��fY! I/; 1 � K X �43�H5��fY
Thus: û ¼¿¾[À � n �û n ; � 0 I/; 1 � K X T � n � �43�H��fY! I/; 1 � K X T � n � �43�H5��fY� I/; È ! n � � »87 � ß$À�� n � � � Ê
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Consequently: ûû :P; �� ����� ��� ¼¿¾[À � 
 � �� � � �� ����� ���"I/;LK � A ! 
 � »87 � ß$À8� 
 ����F
With n asymmetricmatrix,we alsohave:û ñ �L� n��(�û n/.z� K X � 0 �9.z� K � �43
H��fY�9. X�K �1Q:�;.z� K X �43
H5��fY
And thus: û ñ �L� n��(�û n � �iQ<� pâ»87 � ß$À8� �l�
Wecanseethatif n_� Á ; I/;On ; and � is symmetric:û ñ �L� n��l�û no; � I/;�A ! � »87 � ß$À8� �(��F

Thus: ûû :P; �� �¿��� ���½ñ � õ 
o� �� ê
 � ö � �� ����� ���"I/;LK � A ! ê
 � »87 � ß$À8� ê
 �"��F
Consequently: û òû :P; � �� ����� ����I/;OK � È ! õ 
 � » ê
 � ö »87 � ß$À õ 
 � » ê
 � ö Ê
For n symmetric: ! n »=7 � ß$À � n<�º`ýw?> nÂ`_w
As aconsequence,wecanreplacethelikelihoodgradientby:û ò vû :P; � �� ����� ���"I/;LK � õ 
 � » ê
 �½ö (10)

TheHessianof theauxiliary function
ò v is:û/  ò vû :P; û :P;6.A@ K B � �� ����� ����IJ;LK � û 
 �û :P;6.A@ K B� » �� �¿��� ����I  ;LK � 
 � û :<;û :P;6.A@ K B 
 �

Let’s denoteby VW� K X thematrix containingall 0sexcept1sat locations
� H���YZ� and

� Yj�UH\� , andby C X � the Y è+* columnof
 � : û/  ò vû :<; û :P;�.A@ K B � » �� ����� ����I  ;LK � 
 �¬V @ K B 
 � (11)

� » CC�Q<D @ K B �� ����� ����I  ;LK � A�C @ � C B p� Q<C B� C @ p� F
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Sincethereareonly � � �uQ_CO�UT ! of the �   entriesof theprototypematrix thatareindependent,we needto represent
thematrix

�
in minimal form for theHessianto beinvertible. Usingthenotationdefinedin SectionV-B, we canwrite

theNewton iterationas:


 ÿ ;FE 
 ÿ ; QkéG� � � �� ����� ����IJ;LK � õ � ÿ � » ê� ÿ � ö (12)

Note thatbecauseof the
� !

scalingfactorof theoff-diagonaltermsof :<; (representedas 
(ÿ; ), andof

 � (repre-

sentedas
� ÿ � ), theentriesof theHessianmatrixneedto bescaledaccordingly.

TheHessian,however, is notguaranteedto beinvertible. In particular, if
! � ¨ � , it is alwayssingular:

Proof: Eachcolumnof theHessiancontainsin vectorform theentriesof thematrix:

Ý @ K B � » �� ����� ����I  ;LK � 
 �3V @ K B 
 �H3 ¾[� C<cJImcLKâc��
Let’s assume

! � ¨ � . SinceRank
� VM@ K B � c !

, thenRank
� Ý�@ K B � c ! � . Thus, the family N^�ÒíÙÝ�@ K B CçcOIåcKúcÖ� ï is containedin thespaceof symmetricmatricesof ranksmalleror equalto

! � , which is a strict subspace
of thevectorspaceof symmetricmatrices.Thevectorspaceof symmetricmatricesis of dimensionality� � �^QÂCO�UT !
( íOV @ K B �bCîcPIlc8Kâcú� ï is acanonicalbasisfor it), andthus N livesin aspaceof dimensionalitystrictly smallerthan� � �kQGCO�UT ! . Sincethenumberof vectorsin N is � � �kQGCO�UT ! , thefamily is not linearly independent,andconsequently
theHessianis singular.
This condition is not necessary, and in mostcasesthe numberof covariancesin the GMM is large enoughfor this
boundnot to be reached.A simpleregularizationmethodsuchasflooring of the eigenvalueswill guaranteethat a
singularityof theHessianmatrixnever causestheNewton iterationto abort.

The exact gradientandHessiancould be expensive to computeusing theseequationsbecauseof the potentially
large numberof covariancesin the GMM. However both canbe well estimatedby addingup the contributionsof a
smallsubsetof significantGaussians.A principledwayof selectingtheGaussiansis to sortthemby themagnitudeof
their relative weight in Equations10 and11, which are � ����IJ;LK � � for thegradientand ���"I  ;LK � for theHessian,andonly
accumulatethecontributionsof theGaussianswith thehighestweight. However, it is beneficialfor theoverall speed
of thealgorithmnot to have to computetheweightsfor all theGaussiansat eachiterationbeforebeingableto make
thedecisionwhetheror not to usethemto reestimatetheprototypes.It is thusmoreefficient to selectat thebeginning
of the iterative processa setof significantGaussiansbasedonly on ��� andonly run both the weight andprototype
reestimationalgorithmon those.In thefollowing experiments,lessthan10%of theGaussianswereusedto estimate
thegradient,andlessthan1% wereincorporatedinto theHessian.As previously, thestepsize é hassometimesto be
reducedto asmallervaluein thefirst iterationsto avoid steppingoutof thedomainù .

E. PrototypeInitialization

Theinitial setof prototypescanbegeneratedby ahardclusteringscheme:the � Gaussiancovariancesareclustered
down to D initial prototypesby usingtheLloyd algorithm. A Kullback-Lieblerdistancecriterion is used,sinceit is
a naturalchoiceof a metric [26] betweenGaussians.ThedistancebetweentheGaussianmeanscanbeignored,since
only thecovariancesareof interest.In addition,thevariationsin thescaleof theprototypes— i.e. their determinant–
canbenormalizedfor, sincethesearecapturedby theweightsin Equation2:: �Ï� � 
 � � 
 � �� (13)

Thedistancemeasureusedfor clusteringis thus:r � :<;=�{:P�3�º�Q
 ÿ p; 
 ÿ � � � QR
 ÿ p� 
 ÿ ; � � (14)

For simplicity, thecentroidfor eachclusteris computedastheaverageof all thecovariancesallocatedto this cluster.
As aconsequence,eachcentroidis guaranteedto bepositive definite,whichallows usto usethesimpleweightinitial-
izationschemedescribedin SectionV-C. Experimentally, it hasbeenobserved that thespeedof convergenceof the
globalalgorithmis muchimprovedwhensuchclusteringis applied,asopposedto amorenaive initializationscheme.
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F. Implementationof theAlgorithm

Theimplementationof thealgorithmontopof aBaum-Welchreestimationalgorithmis fairly straightforward(Table
I). The iterative MIC reestimationscheme— steps6 to 10 — needsto be implementedat eachstepof the EM
reestimation,aftertheML estimationof thesamplemixtureweights,meansandcovariances.In thefirst iteration,the
prototypescanbe initialized usingthe VQ schemedescribedin TableII. Note that at eachEM stage,the iteration
betweentheweightestimation(TableIII) andprototypereestimation(TableIV) needonly to becarriedover a small
subsetof all theGaussiansin themixture,sinceonly afractionof thecovariancesareusedto reestimatetheprototypes.
In thefinal iterationhowever, theweightsfor all thecovarianceshave to bereestimated.

Theonly implementationdetail worth noting in TableIV is the two-phaseapproachto theprototypereestimation
algorithm.In afirst phase(TableIV, 1 to 8), thealgorithmgoesthrougheachprototypeanddoesoneNewtonupdateat
eachpass.In thesecondphase(TableIV, 9 to 17),theNewtoniterationsarerepeateduntil thegradientis smallenough.
Thereasonfor usingthisapproachis thatin thefirst few iterations,all theprototypesarefar from theoptimum.When
updatingaparticularprototype,thefirst Newtonstepsarelargein magnitude.ThismeansthatthegradientandHessian
estimatesfor otherprototypes,whichdependonevery prototypein theMIC, will changedramaticallyateachNewton
stepwhich is taken. As a consequence,it is not beneficialto take several consecutive Newton stepsin onedirection
sincethisdirectionwill changedramaticallyafteronecycle throughtheprototypes.After a few cycles,however, some
prototypeswill becloseto theiroptimal,while otherswill still bevery far from it. Cycling throughtheprototypesand
performingoneNewtonupdateeachtimebecomesinefficientbecausethealgorithmkeepsonupdatingwell estimated
prototypes.For this reason,thesecondphaseoptimizestheprototypesoneat a timeuntil convergence.

TableV shows typical valuesfor thevariousiterationloops. Thesevary somewhat with thedimensionalityof the
problem,but theoverall numberof Newton updatesis well within thehundredsfor boththeweightsandprototypes,
which makesthe overall algorithmcomputationallytractable. Figure6 shows that the likelihood increasefrom the
iterative processtypically reachesa plateauin about6 iterations.

1 generateinitial GMM (without MIC)
2 for EM iteration= 1 to N
3 computesufficient statisticsfrom dataandmodel:S � � Á è é³� K è��/è , ��� Á è éZ� K è��/è�� pè
4 computemixtureweightsandmeans:���a� Á è éZ� K è�TÃ�Â��	 � � S � TL���
5 computesamplecovariances(Equation3)

if N == 1
6 subsetcovariancesbasedon ��� (SectionV-D)
7 initialize prototypes(SectionV-E andTableII)

endif
for iteration= 1 to P

8 estimateweights(SectionsV-B, V-C, TableIII)
9 updateprototypes(SectionV-D andTableIV)

endfor
10 estimateweightsfor all covariances

(sameasstep8)
11 updatemodel

endfor

TABLE I
OVERVIEW OF THE EM ALGORITHM

VI. EXPERIMENTS

In thissection,theMIC modelis appliedto aGMM usedfor acousticmodelingin aHMM-basedcontinuousspeech
recognitionsystem.A comparisonagainstsemi-tiedcovariancesis carriedout in SectionVI-B. In SectionVI-C, the
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1 normalizecovariancedeterminants(Equation13)
2 selectK initial prototypesoutof theM covariances
3 for VQ iteration= 1 to Q
4 for covarianceH = 1 to M
5 find closestprototype> (Equation14)
6 accumulatestatisticsfor this centroid:T ;<� T ;�Qh: � � £ ;<� £ ; Q_Cendfor
7 reestimatecentroids::P;<� T ;$T £ ;
8 fix emptycells(seee.g.[16])

endfor

TABLE II
OVERVIEW OF THE PROTOTYPES INITIAL IZATION

1 for covariance= 1 to M
2 initialize weights(Equation7)

for iteration= 1 to V
3 computegradient(Equation6)
4 breakloop if gradient

¨'U
5 compute

&
(Equation8)

6 do é@�uC , decreasing
7 updateweightvector(Equation9)
8 while covariancenotpositive definite

endfor
endfor

TABLE III
OVERVIEW OF THE WEIGHTS REESTIMATION

accuracy gainsarereportedfor MIC modelsat variouslevelsof parametriccomplexity. Thesubspace-factoredmodel
is exploredin SectionVI-D, andthe class-basedapproachin SectionVI-E. Finally, the speed/accuracy trade-off is
exploredon acompletereal-timeASR systemin SectionVI-F.

A. ExperimentalSetup

Therecognitionengineusedis a context-dependentHMM systemwith 3358triphonesandtied-mixturesbasedon
genones[30]: eachstateclustersharesa commonsetof Gaussians,while the mixture weightsarestate-dependent.
Thesystemhas1500genonesand32 Gaussianspergenone.Thetest-setis a collectionof 10397utterancesof Italian
telephonespeechspanningseveral tasks,including digits, letters,propernamesandcommandlists, with fixed task-
dependentgrammarsfor eachtest-set.Thefeaturesare9-dimensionalMFCC with

�
and

�( 
.

Thetrainingdatacomprises89000utterances.Eachmodelis trainedusingfixedHMM alignmentsfor fair compar-
ison.TheGMM areinitially trainedusingfull or block-diagonalcovariances— dependingon theMIC structureused
— usingGaussiansplitting [31]. After the numberof Gaussianper genoneis reachedusingsplitting, the sufficient
statisticsarecollectedandtheMIC modeltrainedin oneiteration. For this reason,theperformanceresultsreported
herearelowerboundson theaccuracy thatis achievableusingtheMIC model.Betterperformancewouldcertainlybe
achievedby jointly optimizingthealignmentsandby reiteratingtheMIC traininga few times.

Theaccuracy is evaluatedusinga sentenceunderstandingerror rate,which measurestheproportionof utterances
in thetest-setthatwereinterpretedincorrectly. TheGaussianexponentä (seeSectionIV) wasglobally optimizedfor
eachmodelon theentirecollectionof test-sets.
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1 for iteration= 1 to S
2 for prototype= 1 to K
3 estimategradient(Equation10)
4 estimateHessian(Equation11)
5 do éÉ�uC , decreasing
6 updateprototype(Equation12)
7 reestimategradient(Equation10)
8 until é minimizinggradientis found

endfor
endfor
do (outerloop)

9 for prototype= 1 to K
do (innerloop)

10 estimategradient(Equation10)
11 breakinnerloop if gradient

¨
U
12 estimateHessian(Equation11)
13 do éÉ�uC , decreasing
14 updateprototype(Equation12)
15 reestimategradient(Equation10)
16 until é minimizinggradientis found

loop
endfor

17 loop unlessgradient
¨ U

for all prototypes

TABLE IV
OVERVIEW OF THE PROTOTYPES REESTIMATION

EM iterations VXW 1 or 2
weights/prototypesoptimizations 	×�_¯

VQ iterations
ò �ýµ

weightoptimization YZWuCzw
prototypeoptimization:initial loop , �úµ
prototypeoptimization:outerloop W_µ
prototypeoptimization:innerloop

¨ Czw
TABLE V

TYPICAL NUMBER OF ITERATIONS

B. ComparisonagainstSemi-Tied Covariances

Semi-tiedcovariances[10] is a very closelyrelatedmodel to the MIC asdiscussedin SectionII-A. To compare
thetwo approaches,thenumberof Gaussian-specificparametersin theGMM waskeptconstant(27) for theMIC and
semi-tiedmodels.TableVI shows theerrorrateon thetest-setdescribedpreviously. Theerrorratereductionusingthe
MIC modelis morethan3 timestheerrorratereductionobtainedwith semi-tiedcovariances.

C. Accuracyvs.Complexity

Figure7 shows how themodelperformsasthenumberof Gaussian-specificparameterschange.TheMIC model
almostmatchestheperformanceof a full-covariancesystemwith about45 Gaussian-specificparameters.As few as9
parametersaresufficient for themodelto matchtheaccuracy of thediagonalcovariancesystem.
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Fig. 6. Increasein the [ functionasa functionof thenumberof iterations.Oneiterationcorrespondsto runningtheprototypereestimation
followedby theweightreestimationalgorithmonce.In thefirst iteration,theinitial prototypesarecomputedusingVQ.

Structure Error Rate Relative Improvement
Diagonal 9.64% -
Semi-tied 9.24% 4.1%

MIC 8.29% 14.0%

TABLE VI
ERROR RATES ON A SET OF ITALIAN TASKS

D. Subspace-factored Approach

Fromtheanalysisin SectionIII, we wouldexpecttwo thingsfrom asubspace-factoredmodelusingMIC:
1) In the limit of large numberof Gaussian-specificparameters,the modelshouldtend to the performanceof a

systemwhereeachGaussianhasa separateblock-diagonalcovariance(Figure5). Thusits performancewill be
worsethana full covariancesystem.

2) In thelimit of smallnumberof Gaussian-specificparameters,thesubspace-factoredsystemsshouldoutperform
a full-covarianceMIC systemdueto the effect of having a muchlarger numberof effective prototypesin the
systemfor asamenumberof weights.

Figure 8 shows that it is indeedthe case: with 9 parameters,the 3-block systemperformsas well as the 1-block
system,andoutperformsit with only 3 parameters,while the 2-block systemoutperformsthe 1-block systemup to
approximately16 Gaussian-specificparameters.In theseexperiments,the numberof parametersallocatedto each
block waskeptproportionalto theblocksize,but theallocationschemecouldalsobeoptimized.

Notethatbecauseof thefront-endcomputations,for agivennumberof Gaussian-specificparameters,thecomputa-
tional complexity of a 3-blocksystemwill belower thanthecomputationalcomplexity of a 2-blocksystem,which in
turn will belower thanthecomputationalcomplexity of a 1-blocksystem.This meansthatin thelimit of low number
of Gaussian-specificparameters,althoughtheaccuracy of a2-blocksystemis comparableto theaccuracy of a3-block
system,thelatterwill becomputationallymoreefficient.

E. Class-basedApproach

TableVII comparestheperformanceof a 2-blocksystemwith systemsfor which theacousticmodelis partitioned
into a seriesof phonetically-derived classes.Thegainsobtainedfrom usinga class-basedapproacharesmall,anddo
notcomparewell to thegainsthatwouldbeobtainedby increasingthenumberof Gaussian-specificparameters.While
it is possiblethat thephoneticclusteringusedhereis sub-optimal,andthata moredata-driven approachwould show
largergains,it is very likely thatwith sucha large numberof Gaussiansin thesystem,theoptimalsetof prototypes
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Fig. 7. Accuracy asa functionof thenumberof Gaussian-specificparameters.Theperformanceof thediagonalsystemis around10%.As the
numberof Gaussian-specificparametersgrows, theaccuracy of theMIC approachestheaccuracy of thefull covariancemodel.
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Fig. 8. Accuracy as a function of the numberof Gaussian-specificparametersfor the 2-block and 3-block subspace-factoredapproach,
comparedwith the1-blockfull covariancesystem.

derivedfor aparticularphoneticclassis closeto theoptimalfor theentireGMM, andthatsignificantaccuracy benefits
will only show with amuchlargersetof classes,whichmakestheapproachunappealingin thiscontext. Nevertheless,
sincethe front-endoverheadfor 2-blocksystemsis rathersmall, thesesmallaccuracy gainscomewith anextremely
limited computationalcostandcanbeof interestin contexts wheretheGaussiancomputationsdominatethefront-end
processing.

F. Speedvs.Accuracy

Figures9 and10 show how variousconfigurationsperformin real-timeenvironments,respectively on small and
large perplexity tasks. Eachcurve depictsthe performanceof a given systemat variousdegreesof pruning in the
acousticsearch.By tradingthe numberof searcherrorsagainstthe numberof active hypothesesin the search,the
accuracy of thesystemcanbetradedagainstits speed.Both thesmallandlargeperplexity test-setsaredrawn from the
Italian test-setdescribedin SectionVI-A, andcontainrespectively 5098and4612utterances.

Becauseof thelargerfront-endoverheadincurredby systemsusingtheMIC modelwith full covariances(1 block),
therelative slowdown on test-setswith low perplexity is muchlarger thantheslowdown on high-perplexity test-sets.
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# parameters # classes ErrorRate
9 1 9.23%
9 3 9.14%
9 11 9.10%
27 1 8.61%
27 3 8.62%
27 11 8.48%

TABLE VII
ERROR RATES FOR 2-BLOCK SYSTEMS FOR VARIOUS NUMBERS OF CLASS-BASED MIC MODELS IN THE SYSTEM . EACH CLASS IS

DERIVED BY CLUSTERING THE HMM STATES USING THEIR PHONETIC LABELS.
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Fig. 9. Speed/Accuracy trade-off on a setof low-perplexity tasks.Theerrorrateis plottedagainstthefractionof real-timeCPUcomputations
requiredto performrecognition.

Whenusingmodelswith multipleblocks,thiseffect is muchsmalleranddoesnotappearto influencetheresults.Thus,
thefaster2-blocksystemsscalewith theperplexity of thetaskapproximatively in thesamewayasthediagonalmodel
does.Thespeedimprovementof a3-blocksystem(notplotted)comparedto a2-blocksystemwith similarcomplexity
is never largeenoughto compensatefor thelossin accuracy.

Typically, anoptimally tunedrecognizerwould operatein thelower-right half of thespeed/accuracy curve,closeto
thekneeof thecurve,wheretheefficiency of thesystemis maximizedwhile notsacrificingaccuracy by any significant
amount.For both thesmallandlarge perplexity test-sets,the9 parameter/ 2 blockssystemis the fastestmodelthat
would operateat the samelevel of accuracy as the baselinediagonalmodelat its optimal operatingpoint. In both
cases,thespeedincreaseis about10%atno costin accuracy. In bothcasesaswell, thefull covarianceMIC systemis
themostaccurateat thesamespeedasthediagonalsystemat its optimaloperatingpoint. Theaccuracy gainwithout
any slowdown is about13%for thelow-perplexity test-sets,and8%for thehigh-perplexity test-sets.

Overall, the different model architecturesallow for a wide rangeof operatingpoints, and makes a systemwith
an accuracy comparableto the accuracy of a full covarianceMIC system(45 parameter/ 1 block) reachableat an
additionalcost in computationsof approximately50%. On the sametest-set,the increaseof computationincurred
whenusinga full covariancemodelis approximately1100%.

VII . CONCLUSION

A low-complexity approximationto full covarianceGaussianmixture modelswas introduced,alongwith robust
maximumlikelihoodestimationalgorithmsto computethe parametersof this model. A low-complexity subspace-
factoredapproachextendingthatmodelwasalsointroduced,andbothmodelswereappliedto acoustic-modelingfor
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Fig. 10. Speed/Accuracy trade-off at variouslevelsof pruningon large-perplexity tasksfor thesameconfigurationsasFigure9.

ASR.Whenusedin thecontext of a GMM-basedHMM acousticmodel,this classof modelsleadto a broadrangeof
systemswhich, in comparisonwith astandarddiagonalsystem,canbe:� asmuchas10%fasterat nocostin accuracy,� about10%moreaccurateatno costin speed,� or about16%moreaccurateat a50%costin speed.
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