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Abstract

The mixture of inversecovariancegnodelis a low-compleity,

approximatedecompositiorof the inversecovariancematrices
in aGaussiammixture modelwhich achiezeshigh modelingac-
curagy with very goodcomputationakfficiengy. In this model,
theinversecovariancesaredecomposethto alinear combina-
tion of K sharedorototypematrices.In this paperweintroduce
anextensionof thismodelwhich usesavariablenumberof pro-

totypesper Gaussiarfor improved efficiengy. The numberof

prototypesper Gaussiaris optimizedusinga maximumlik eli-

hoodcriterion. This variablelengthmodelis shavn to achieve

significantlybetteraccurag atagivencompleity level onsev-

eralspeectrecognitiontasks.

1. Introduction

In a previous paper[1], we introducedthe mixture of inverse
covariancegMIC) model. It is a very efficient approximation
of full covariancesin a Gaussiammixture model (GMM). On
avariety of speechrecognitiontasks,we obseneda 10% error
ratereductionover diagonakovariancestno costin speedand
asmuchas16%errorratereductionata50%costin speed?2].

The evaluation of a Gaussianlog-likelihood, using this
model,amountdo ascalamproductbetweeranextendedeature
vectoranda parametewrector both of which have dimension-
ality D + K, whereD is theinput featuredimensionalityand
K is thenumberof prototypesn the MIC model(seeSection2
for a detailedanalysis).Giventhis D + K compleity cost, it
is naturalto consideroptimizingthe numberof prototypesused
on a perGaussiarbasis,sothat at a given averagecomplexity
level D + K, Gaussiansequiringa more detailedapproxima-
tion canusea larger numberof prototypesthanthoseneeding
only a coarseapproximation.

Solvingthevariablelengthproblemturnsthe MIC estima-
tion into a constrainednaximumlik elihoodestimation(MLE),
which requiresseveral notablemodificationsto the algorithm.
In Section2 we review the fixed-lengthMIC model,sketchits
estimationalgorithm,anddescribehe computationatomple-
ity associatedvith it. In Section3 we describean extensionto
variablerate,anddetail the constrainedVILE procedurefor it.
In Sectiond we shav experimentakesultsthatdemonstrat¢he
benefitsof themodel,andconcluden Section5.

2. Mixtures of | nverse Covariances

A GMM for a D-dimensionalinput vectoro, composedf M
Gaussiansvith priorsw;, meangu,; andcovariancest; canbe
expresseds:

M
f(O) = Z wiN(o7 i, Ei) (1)

i=1

A Mixture of InverseCovariancess definedby setof K
prototypesymmetricmatrices®,, suchthatfor eachGaussian
i thereis avector A; with components\;, ; satisfying:

K
5= AW )
k=1

2.1. Estimation of the Model

Given the independenparametersw;, u;, andthe sampleco-
varianceX;, the parametersf themodel(¥, A), with:
L {¥1,...,¥x} (3)
A = {Ay, ..., Am} 4)

canbe estimatedointly usingthe EM algorithm.Theauxiliary
functioncanbewritten as:

M
QMT,A) = > willog|Ti | - Tr (T 'S:)] (5)
i=1

with Z;l asexpressedn Equation2. Thejoint maximization
canbe decomposethto two corvex optimizationproblems:

1. maximize@(¥|A) subjectto Vi, X; > 0,

2. maximizeQ(A|¥) subjectto Vi, X; > 0.
The global maximizationproblemcan be solved by iterating
throughstepsl and2. See[2] for a detaileddescriptionof the
algorithm.
2.2. Gaussian Evaluation

Usingthenotations:

= Nenls -l
w o wp = %OT‘I/kO @)
v = —271“ (8)
o = [ o ] 9)
S [ v ] (10)

Thelog-likelihood of Gaussiari for obseration vectoro can
beexpresseds:

Lo)=c—v'"

o (11)
The costof evaluatingthe Gaussiaris on the orderof 2K D?
multiplicationsto computew, which is commonto all Gaus-
sians(Equation7), and K + D additionalmultiplicationsfor



eachGaussiarbeingevaluated(Equationl11). In contrastthe
costof evaluatingadiagonalGaussiaris 2D multiplicationsper
Gaussian.

3. VariableLength Extension

The MIC model constrainsthe decompositionof the covari-

ancesto be of fixed lengthacrossthe entire GMM. 1t is pos-
sible, however, that someGaussiansvould be well estimated
with fewer prototypes,in which casecomputationscould be

sared from the perGaussiarscalarproduct(Equation11) by

truncatingthevector In addition,if thefront-endcomputations
areimplementedn a*“lazy” way, i.e. theactualfeaturecompu-
tationsaredeferreduntil aGaussiarevaluationactuallyrequires
them,additionalcomputationsanbe saved.

The computationakavings of a variable-lengthmodelcan
beevenmorevisiblein proportionif thefront-endevaluationis
inexpensve relative to the perGaussiarcomputations.This is
especiallythe casewhena subspacedctoredMIC model[1] is
used,sinceit reduceghe front-endcomputationdy a signifi-
cantamount.

3.1. Estimation

Denotingoy K = [K; ... K] " avectorlistingfori € [1, M]
the length K; of the MIC decompositionof Gaussian, the
variable-lengthestimationproblemcanbe expressedasone of
constrainedptimization:

MaximizeQ(¥, A, K), subjectto:

¢ a compleity constraintfor the average perGaussian
computationatost: E[K] = K,

e a compleity constraintfor the front-end overhead:
Ki S Kmax,

e afeasibility constraint: Kmin < K;. K; shouldbe at
least1 for the MIC decompositionto be defined, but
Kmin > 1 mightalsobe usedfor practicalreasonglis-
cussedater.

In amannersimilar to variablerate vectorquantization4,
Chapterl7], the length optimizationwill be carriedout itera-
tively within the MIC reestimatiorframenork:

1. maximizeQ(¥|A, K) subjectto Vi%; > 0,
2. maximizeQ(A|¥, K) subjectto Vi%; > 0,

3. maximizeQ(K|¥, A) subjectto E[K] = K and
Kmin S KZ S Kmax .

Stepsl,2and3 areiterateduntil the Q functionreachedts max-
imum. Thefirsttwo stepsarenotdifferentfrom thefixed-length
case.Thelastoneis moredifficult: oncethe optimal ¥ andA
have beenfound for a given setof lengths K™, thenwe only
know Q(¥, A, K*). Fromthis datapoint, deducingthe restof
the function Q(¥, A, K) for an arbitrary K, in orderto op-
timize it, requiresfinding an optimal setof weightsfor every
K. Thisis prohibitively expensve, sincewe needto re-runa
descentalgorithm akin to step2 for eachGaussiarand each
valueof K;. Evenasearchstratgly aroundK* would be com-
plex, sincethereis no guarante¢hatthefunction@; for agiven
Gaussian is corvex in K.

We can,however, model@ giventheinformationwe know
aboutit. Section3.2 describes parametrianodelusedto rep-
resent) for the purpose®f this optimization. The modelused
is corvex, whichturnsthemaximizationinto a constrainedaon-
vex optimizationproblem,whichis solvedin Section3.3.

3.2. Parametric Modd of @

Let'sassumehataninitial lengthvector K* is known, andthat
stepsl and2 wererunto estimate:

o
ik =D Mei Tk (12)

k=1

We know severalthingsabout@Q = >, w;Q: (¥, A;, K;):
e Sincethe likelihood can only be improved by adding
components@; is increasingwith K;,
e Qix+ = Qi(¥,A;) = log|Z; k.| — D is known for
thecurrentlength,

e ;1 = Q(¥o,A;,1) canbefoundanalytically:

D
i1 =log| ———=—%y| - D 13
Qi Og|Tr(\I'OEi) o 13)
e In the limit, when the numberof weightsreacheshe
numberof free parametersn the covariancematrix, at
Ky = 2E+1 the ML estimateof the covarianceis
reachedxactly:

Qi,lim = Ql(\pa Aia Klim) = log |iz_1| -D (14)

From this information, we can build a parametricmodel

of @; for all lengthK' € [1, Kuim]. Figurel shavs how @
behaeson averageacrossall Gaussiansn atest GMM used
in acousticmodeling. This suggestghat a reasonablenodel
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Figurel: Plotoflog(Qx — Q1) againstlog log K. Theappiox-
imatelyaffine relationshipsuggestsa simpleparametricmodel
for the Gaussiarlikelihoodasa functionof K.

for thelikelihoodwould belinearly connectindog(Qx — Q1)
with log log K. For this reason,n the following we usedthe
parametrianodel:

Qi(K) = Qi + aiflog K] (15)

The two free parametersy; and 3; canbe computedfor each
Gaussian usingaregressiorontheknown valuesof Q;: Q;, x+
anin,lim .



3.3. Convex Optimization
TheMLE processannow beformulatedas:

e maximize:Q(K) = ¥, wia;(log K;)%,

e subjectto: >, wiK; = K andKmin < K; < Kmax -
We will usestandardconvex optimizationmethodgo solve the
problem.First, let's assumehatthe constraint@arenot present.
In that situation,a standardNewton algorithm can be usedto
optimize @ [3, Chapter9]. For that, we computethe gradient
V with respecto K andtheHessianH . NotethattheHessian
is diagonalhere.For simplicity we'll denoteby R the diagonal

of the inverseof the Hessian. Denoting by x the Kronecler
productof two vectors the Newton updatewould be written:

AKZ—R*V (16)

The equalityconstrainty S, w; K; = K is linear Denotingby
II thevectorof priors,the constraintcanbe written as:

N'K=K (17)

The Newton updatecanbe modifiedsimply to incorporatet as
follows[3, Chapterl0].
NotingU = R % IT:

_U'v
S u'n

Ak U-RxV (18)

This modification still bearsthe samecorvergenceprop-
ertiesas the unconstrainedipdate,but preseres the equality
constraintby forcing the updateto happenin the hyperplane
orthogonato I1. Indeedwe have:

M Ak =0 (19)

Andthusif ITT K = K, thenII' (K + Ak) = K.

In orderto enforcetheinequalityconstraintswe usea bar
rier method3, Chapterl1]. Theideais to augmenthefunction
to optimizewith afamily of barrier functionswhich satisfythe
inequality constraintdy design. The family ¢(K') /¢t parame-
terizedby a parametet is suchthatwhent — +oo, thefunc-
tion goesto 0 everywherein the admissiblespaceandto —co
outsideof it. Insteadof optimizing Q(K) directly, ¢ is fixedto
somefinite value,and Q(K) + ¢(K)/t is optimizedby only
taking the equalityconstraintsnto account.t is thenincreased
andthe optimizationiterateduntil convergence. This turnsthe
overall probleminto a successiorf problemswhich only in-
volve equalityconstraintsandwhich we know how to solve.

Here we use the simple log barrier function to ensure
Kmin S Kz S Kmax:

¢(K) =1og(K — Kmin ) + 10g(Kmax — K) (20)

4. Experiments
4.1. Experimental Setup

The recognition engine usedis a contt-dependenthidden
Markov model (HMM) systemwith 3358 triphonesand tied-
mixtureshasen Genone$5]: eachstateclustersharesacom-
monsetof GaussiansalledGenonewhile themixtureweights
are state-dependent.The systemhas 1500 Genonesand 32
GaussianperGenone.

The test-setis a collection of 10397 utterancesof Ital-
ian telephonespeechspanningseveral tasks, including dig-
its, letters, propernamesand commandlists, with fixed task-
dependengrammarsfor eachtest-set. The featuresare 9-di-
mensionaMFCCwith A andA2.

Thetraining datacomprises89000utterancesEachmodel
is trained using fixed HMM alignmentsfor fair comparison.
The Genonesareiinitially trainedwith full covariancesusing
Gaussiarsplitting [6]. After therequirednumberof Gaussians
perGenonas reachedisingsplitting, thesufiicient statisticsare
collected.In orderto trainthe MIC models all the Genonesre
groupednto onelarge GMM, with Gaussiamweightscomputed
from the accumulatedbrior of all theHMM statescorrespond-
ing to eachGenone.The MIC modelis trainedin oneiteration
onthisGMM.

The accuray is evaluatedusing a sentenceunderstanding
error rate, which measureshe proportionof utterancesn the
test-sethatwereinterpretedncorrectly

4.2. Length Allocation

Thelengthallocationalgorithmrunsafter eachiterationof the
weight reestimation. Figure 2 shaws the likelihood increase
during a given run of the length optimization. The first sharp
risein likelihoodhappensasthe Newton algorithmis run for a
fixedbarrierfactort andcorrespondso theinitial optimization
startingfrom a uniform length distribution. The secondlike-
lihood increasecorrespondgo the barrier factor being slowly
increasedbringingthe constrainedengthdistribution closerto
its globaloptimum.
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Figure2: Likelihoodincreaseasthelengthallocationalgorithm
is iterated.

Figure3 shawvs how theallocationalgorithmdistributesthe
weightsto the variouscovariancesn the GMM in the acoustic
modelusedin our experiments.

Sincefewer than27 weightsareusedon average the total
numberof prototypesthat needto be evaluatedat eachinput
frameof speechmightbelessthan27 aswell. Thusif thefront-
endcomputatioris implementedn alazyway, substantiatom-
putationalsavings canbe obtainedin additionto the reduction
in perGaussiarcomputations.
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Figure 3: Histogram of the numberof weightsallocated per
Gaussianby the MLE algorithm. Here, the average numberof
weightsis setto 12, the minimum2 andthe maximun®7.

4.3. Accuracy

Tablel1 shaws the errorrateachieved on the setof Italian tasks
usingseveralsetupsthebaselinenodelis afixed-lengthmodel
with 12 weights, which is comparedwith a variable-length
modelwith the sameaveragenumberof weights. In theseex-
perimentspnly the Genonegorrespondingo triphonemodels
were trained using a variable-lengthoptimization. The other
Genonesin the systemwere trainedwith a fixed numberof
weightsequalto the averagenumberof weights. The variable-
lengthmodelachiezesanimproved accurag of about5.6%. A
fixed length model with the sametotal numberof prototypes
(18) achievesa 6.3%relative improvementon the sametask.

Tablel: Error rateon a setof Italian tasks.

| Type [ Kmin | K | Kmax | ErrorRate |
Diagonalcov. 9.64%
Fixedlength 12 9.25%
Variablelength 2 12 15 9.04%
Variablelength 2 12 18 8.73%
Fixedlength 18 8.67%

This demonstrateshat a betteraccurag canbe achiezed
with the sameoverall numberof Gaussian-dependeparame-
ters.

4.4. Speed / Accuracy Trade-off

Figure 4 shavs the speed/ accurag trade-ofs attainedby
the variable-lengthmodels. Eachcurve displaysthe errorrate
againsthespeeddf agivensystemwhenthelevel of pruningin
the acousticsearchis varied. The variable-lengthsystemwith
Kmax = 15 matcheghe speedof the 12 weight, fixed-length
model at aggressie levels of pruning, while leadingto better
accurayg for largerpruningthresholdsThevariable-lengttsys-
temwith Kmax = 18 matchescloselythe accurag of the 18
weight, fixed-lengthmodel at large pruning thresholds while
beingfasterat a givenerrorrateat lower pruninglevels. Over
all, the variablelength systemsare capableof achieving trade-

offs thatwerenot attainedby thefixed-lengthmodels.
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Figure4: Speed accuracy trade-of on the setof Italian tasks.
Thecurvesare geneatedby varyingthe level of pruningin the
acousticseach.

5. Conclusion

This paperdemonstratethatthe MIC modelcanbeimproved
by optimizing the degree of precisionby which covariances
areapproximatedn a percovariancebasisinsteadof globally.
An efficient constrainedVILE algorithmwas proposedo per
form this percovarianceweightallocation.Resultson aspeech
recognitiontaskshav thattheerrorrateis reducedsignificantly
andthatbetterspeed accurayg trade-ofs canbe obtainedfor a
fixedaveragenumberof Gaussian-dependeparameters.
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