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Abstract
Themixtureof inversecovariancesmodelis a low-complexity,
approximatedecompositionof the inversecovariancematrices
in aGaussianmixturemodelwhichachieveshighmodelingac-
curacy with very goodcomputationalefficiency. In this model,
the inversecovariancesaredecomposedinto a linearcombina-
tion of � sharedprototypematrices.In thispaper, weintroduce
anextensionof thismodelwhichusesavariablenumberof pro-
totypesper Gaussianfor improved efficiency. The numberof
prototypesperGaussianis optimizedusinga maximumlikeli-
hoodcriterion. This variablelengthmodelis shown to achieve
significantlybetteraccuracy atagivencomplexity level onsev-
eralspeechrecognitiontasks.

1. Introduction
In a previous paper[1], we introducedthe mixture of inverse
covariances(MIC) model. It is a very efficient approximation
of full covariancesin a Gaussianmixture model (GMM). On
a varietyof speechrecognitiontasks,we observeda 10%error
ratereductionoverdiagonalcovariancesatnocostin speed,and
asmuchas16%errorratereductionata 50%costin speed[2].

The evaluation of a Gaussianlog-likelihood, using this
model,amountsto ascalarproductbetweenanextendedfeature
vectoranda parametervector, both of which have dimension-
ality ����� , where � is the input featuredimensionality, and� is thenumberof prototypesin theMIC model(seeSection2
for a detailedanalysis).Giventhis ���	� complexity cost,it
is naturalto consideroptimizingthenumberof prototypesused
on a per-Gaussianbasis,so thatat a givenaveragecomplexity
level ����
� , Gaussiansrequiringa moredetailedapproxima-
tion canusea largernumberof prototypesthanthoseneeding
only acoarseapproximation.

SolvingthevariablelengthproblemturnstheMIC estima-
tion into a constrainedmaximumlikelihoodestimation(MLE),
which requiresseveral notablemodificationsto the algorithm.
In Section2 we review thefixed-lengthMIC model,sketchits
estimationalgorithm,anddescribethecomputationalcomplex-
ity associatedwith it. In Section3 we describeanextensionto
variablerate,anddetail theconstrainedMLE procedurefor it.
In Section4 we show experimentalresultsthatdemonstratethe
benefitsof themodel,andconcludein Section5.

2. Mixtures of Inverse Covariances
A GMM for a � -dimensionalinput vector � , composedof 
Gaussianswith priors ��� , means� � andcovariances��� canbe
expressedas: ��� ����� �� ��� � � �"! � ��#$� � #%� � � (1)

A Mixture of InverseCovariancesis definedby setof �
prototypesymmetricmatrices&(' , suchthat for eachGaussian)

thereis avector *+� with components,-'/. � satisfying:

�10 �� �32�' � � ,-'/. � &(' (2)

2.1. Estimation of the Model

Given the independentparameters���%#$� � , and the sampleco-
variance 
� � , theparametersof themodel

� &4#�56� , with:& � 78&4�9#;:<:9:=#%& 2 > (3)5 � 7/*?�9#;:9:9:�#%* � > (4)

canbeestimatedjointly usingtheEM algorithm.Theauxiliary
functioncanbewritten as:@?� &4#�5��A� �� ���B� ��� CEDGF8HJI �10 �� I/KML=NPOQ�10 �� 
���SR<T (5)

with � 0 �� asexpressedin Equation2. The joint maximization
canbedecomposedinto two convex optimizationproblems:

1. maximize
@U� &VI 5�� subjectto W ) #X����Y[Z ,

2. maximize
@U� 5\I &(� subjectto W ) #X����Y[Z .

The global maximizationproblemcan be solved by iterating
throughsteps1 and2. See[2] for a detaileddescriptionof the
algorithm.

2.2. Gaussian Evaluation

Usingthenotations:] � ^_ � DGF8HJI �10 � I`KM��D"FaH _`b Kc��dP�10 � �6� (6)e fhg '(�i^_ �jd�&('8� (7)k � K1�10 � � (8)�mln� o �e�p (9)k l � o k* p (10)

The log-likelihoodof Gaussian
)

for observation vector � can
beexpressedas: q � �-��� ] K k l d � l (11)

The costof evaluatingthe Gaussianis on the orderof �r �s� r
multiplicationsto computee , which is commonto all Gaus-
sians(Equation7), and �t�u� additionalmultiplicationsfor



eachGaussianbeingevaluated(Equation11). In contrast,the
costof evaluatingadiagonalGaussianis

_ � multiplicationsper
Gaussian.

3. Variable Length Extension
The MIC model constrainsthe decompositionof the covari-
ancesto be of fixed lengthacrossthe entireGMM. It is pos-
sible, however, that someGaussianswould be well estimated
with fewer prototypes,in which casecomputationscould be
saved from the per-Gaussianscalarproduct(Equation11) by
truncatingthevector. In addition,if thefront-endcomputations
areimplementedin a “lazy” way, i.e. theactualfeaturecompu-
tationsaredeferreduntil aGaussianevaluationactuallyrequires
them,additionalcomputationscanbesaved.

Thecomputationalsavings of a variable-lengthmodelcan
beevenmorevisible in proportionif thefront-endevaluationis
inexpensive relative to theper-Gaussiancomputations.This is
especiallythecasewhena subspace-factoredMIC model[1] is
used,sinceit reducesthe front-endcomputationsby a signifi-
cantamount.

3.1. Estimation

Denotingby vw�yx � � :<:9:%� �Uz d avectorlisting for
)P{ x ^ #| z

the length �?� of the MIC decompositionof Gaussian
)
, the

variable-lengthestimationproblemcanbeexpressedasoneof
constrainedoptimization:

Maximize
@?� &4#�51#}v	� , subjectto:~ a complexity constraintfor the averageper-Gaussian

computationalcost: �?x v z � 
� ,~ a complexity constraint for the front-end overhead:� � � �?� ��� ,~ a feasibility constraint: �?� � � � � � . � � shouldbe at
least1 for the MIC decompositionto be defined,but�?� � ��� ^ might alsobeusedfor practicalreasonsdis-
cussedlater.

In a mannersimilar to variableratevectorquantization[4,
Chapter17], the lengthoptimizationwill be carriedout itera-
tively within theMIC reestimationframework:

1. maximize
@?� &VI 5�#%v�� subjectto W ) � � Y�Z ,

2. maximize
@?� 5JI &4#%v�� subjectto W ) � � Y�Z ,

3. maximize
@?� vyI &4#$56� subjectto �?x v z � 
� and� � � � � �?� � � � ��� .

Steps1,2and3 areiterateduntil the
@

functionreachesits max-
imum. Thefirst two stepsarenotdifferentfrom thefixed-length
case.Thelastoneis moredifficult: oncetheoptimal & and 5
have beenfound for a given setof lengths v�� , thenwe only
know

@?� &4#�5�#}v	�/� . Fromthis datapoint,deducingtherestof
the function

@?� &4#$51#%v	� for an arbitrary v , in order to op-
timize it, requiresfinding an optimal setof weightsfor everyv . This is prohibitively expensive, sincewe needto re-runa
descentalgorithm akin to step2 for eachGaussianand each
valueof �?� . Evena searchstrategy aroundv � would becom-
plex, sincethereis noguaranteethatthefunction

@ � for agiven
Gaussian

)
is convex in � � .

We can,however, model
@

giventheinformationwe know
aboutit. Section3.2describesa parametricmodelusedto rep-
resent

@
for thepurposesof this optimization.Themodelused

is convex, whichturnsthemaximizationinto aconstrainedcon-
vex optimizationproblem,which is solvedin Section3.3.

3.2. Parametric Model of
@

Let’sassumethataninitial lengthvector �s� is known, andthat
steps1 and2 wererun to estimate:

�10 �� . 2X� � 2 ��' �B� ,-'`. � &(' (12)

Weknow several thingsabout
@ ��� � ��� @ � � &4#%*���#%�?�S� :~ Since the likelihood can only be improved by adding

components,
@ � is increasingwith � � ,~ @ � . 2 � � @ � � &4#%* � �(��DGF8HJI � 0 �� . 2�� I�K�� is known for

thecurrentlength,~ @ � . �P� @U� &J�/#$5��$# ^ � canbefoundanalytically:@ � . � �	DGF8HJI �L=N � & ��
� � � & � I/Kc� (13)~ In the limit, when the numberof weights reachesthe
numberof free parametersin the covariancematrix, at�?� � � �����G�P� �Q�r , theML estimateof thecovarianceis
reachedexactly:@ � . � � � � @ � � &4#$5 � #$�?� � � ���	D"FaH\I 
�10 �� I8K�� (14)

From this information, we can build a parametricmodel
of
@ � for all length � { x ^ #%�?� � � z . Figure1 shows how

@
behaveson averageacrossall Gaussiansin a test GMM used
in acousticmodeling. This suggeststhat a reasonablemodel
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Figure1: Plot of D"FaH ��@ 2 K @ � � against D"FaHPDGF8H�� . Theapprox-
imatelyaffinerelationshipsuggestsa simpleparametricmodel
for theGaussianlikelihoodasa functionof � .

for thelikelihoodwould belinearly connectingD"FaH ��@ 2 K @ �}�
with D"FaHPD"FaH�� . For this reason,in the following we usedthe
parametricmodel:@ � � ����� @ � . �����B�%x D"FaH�� z��`� (15)

The two free parameters� � and   � canbe computedfor each
Gaussian

)
usingaregressionontheknown valuesof

@ � : @ � . 2X�and
@ � . � � � .



3.3. Convex Optimization

TheMLE processcannow beformulatedas:~ maximize:
@?� v��¡�¢� � ���£� � � D"FaHP�?�¤� �`� ,~ subjectto: � � � � � � �w
� and �?� � � � � �¡� �?� ��� .

We will usestandardconvex optimizationmethodsto solve the
problem.First, let’sassumethattheconstraintsarenotpresent.
In that situation,a standardNewton algorithmcanbe usedto
optimize

@
[3, Chapter9]. For that, we computethe gradient¥

with respectto v andtheHessian¦ . NotethattheHessian
is diagonalhere.For simplicity we’ll denoteby § thediagonal
of the inverseof the Hessian. Denotingby ¨ the Kronecker
productof two vectors,theNewtonupdatewould bewritten:©�ª �«K�§¢¨ ¥ (16)

Theequalityconstraint� � � � � � � 
� is linear. Denotingby¬
thevectorof priors,theconstraintcanbewrittenas:¬ d�v� 
� (17)

TheNewton updatecanbemodifiedsimply to incorporateit as
follows [3, Chapter10].

Noting ®¯��§�¨ ¬ :

© ª � ® d ¥® d ¬ ®°KM§�¨ ¥ (18)

This modificationstill bearsthe sameconvergenceprop-
ertiesas the unconstrainedupdate,but preserves the equality
constraintby forcing the updateto happenin the hyperplane
orthogonalto

¬
. Indeedwe have:¬ d © ª ��Z (19)

And thusif
¬ d v� 
� , then

¬ d � v±� ©²ª �¡� 
� .
In orderto enforcetheinequalityconstraints,we usea bar-

rier method[3, Chapter11]. Theideais to augmentthefunction
to optimizewith a family of barrier functionswhich satisfythe
inequalityconstraintsby design.The family ³ � v��$´`µ parame-
terizedby a parameterµ is suchthatwhen µ�¶w�(· , thefunc-
tion goesto Z everywherein theadmissiblespace,andto K1·
outsideof it. Insteadof optimizing

@?� v�� directly, µ is fixedto
somefinite value,and

@?� v�� �	³ � v��$´`µ is optimizedby only
takingtheequalityconstraintsinto account.µ is thenincreased
andtheoptimizationiterateduntil convergence.This turnsthe
overall probleminto a successionof problemswhich only in-
volve equalityconstraints,andwhich weknow how to solve.

Here we use the simple DGF8H barrier function to ensure� � � � � �?� � � � ��� :

³ � v����	D"FaH � v�KM� � � � ����D"F8H � � � ��� KMv	� (20)

4. Experiments
4.1. Experimental Setup

The recognition engine used is a context-dependenthidden
Markov model (HMM) systemwith 3358 triphonesand tied-
mixturesbasedonGenones[5]: eachstateclustersharesacom-
monsetof GaussianscalledGenone,while themixtureweights
are state-dependent.The systemhas 1500 Genonesand 32
GaussiansperGenone.

The test-setis a collection of 10397 utterancesof Ital-
ian telephonespeechspanningseveral tasks, including dig-
its, letters,propernamesandcommandlists, with fixed task-
dependentgrammarsfor eachtest-set. The featuresare9-di-
mensionalMFCCwith ¸ and ¸ r .

Thetrainingdatacomprises89000utterances.Eachmodel
is trained using fixed HMM alignmentsfor fair comparison.
The Genonesare initially trainedwith full covariancesusing
Gaussiansplitting [6]. After therequirednumberof Gaussians
perGenoneis reachedusingsplitting,thesufficientstatisticsare
collected.In orderto train theMIC models,all theGenonesare
groupedinto onelargeGMM, with Gaussianweightscomputed
from theaccumulatedprior of all theHMM statescorrespond-
ing to eachGenone.TheMIC modelis trainedin oneiteration
on this GMM.

The accuracy is evaluatedusinga sentenceunderstanding
error rate,which measuresthe proportionof utterancesin the
test-setthatwereinterpretedincorrectly.

4.2. Length Allocation

The lengthallocationalgorithmrunsaftereachiterationof the
weight reestimation. Figure 2 shows the likelihood increase
during a given run of the lengthoptimization. The first sharp
rise in likelihoodhappensastheNewton algorithmis run for a
fixedbarrierfactor µ andcorrespondsto theinitial optimization
startingfrom a uniform length distribution. The secondlike-
lihood increasecorrespondsto the barrier factorbeingslowly
increased,bringingtheconstrainedlengthdistributioncloserto
its globaloptimum.
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Figure2: Likelihoodincreaseasthelengthallocationalgorithm
is iterated.

Figure3 shows how theallocationalgorithmdistributesthe
weightsto thevariouscovariancesin theGMM in theacoustic
modelusedin ourexperiments.

Sincefewer than27 weightsareusedon average,the total
numberof prototypesthat needto be evaluatedat eachinput
frameof speechmightbelessthan27aswell. Thusif thefront-
endcomputationis implementedin alazyway, substantialcom-
putationalsavingscanbeobtainedin additionto the reduction
in per-Gaussiancomputations.
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Figure 3: Histogram of the numberof weightsallocatedper
Gaussianby theMLE algorithm. Here, theaverage numberof
weightsis setto 12, theminimum2 andthemaximum27.

4.3. Accuracy

Table1 shows theerrorrateachievedon thesetof Italian tasks
usingseveralsetups:thebaselinemodelis afixed-lengthmodel
with 12 weights, which is comparedwith a variable-length
modelwith thesameaveragenumberof weights. In theseex-
periments,only theGenonescorrespondingto triphonemodels
were trainedusing a variable-lengthoptimization. The other
Genonesin the systemwere trainedwith a fixed numberof
weightsequalto theaveragenumberof weights.Thevariable-
lengthmodelachievesanimprovedaccuracy of about5.6%.A
fixed length model with the sametotal numberof prototypes
(18)achievesa 6.3%relative improvementon thesametask.

Table1: Error rateona setof Italian tasks.

Type � � � � 
� � � ��� ErrorRate

Diagonalcov. 9.64%
Fixedlength 12 9.25%

Variablelength 2 12 15 9.04%
Variablelength 2 12 18 8.73%
Fixedlength 18 8.67%

This demonstratesthat a betteraccuracy can be achieved
with thesameoverall numberof Gaussian-dependentparame-
ters.

4.4. Speed / Accuracy Trade-off

Figure 4 shows the speed/ accuracy trade-offs attainedby
the variable-lengthmodels. Eachcurve displaysthe error rate
againstthespeedof agivensystemwhenthelevel of pruningin
the acousticsearchis varied. The variable-lengthsystemwith� � ��� � ^`¹ matchesthespeedof the12 weight,fixed-length
modelat aggressive levels of pruning,while leadingto better
accuracy for largerpruningthresholds.Thevariable-lengthsys-
tem with �?� ����� ^;º matchescloselythe accuracy of the 18
weight, fixed-lengthmodel at large pruning thresholds,while
beingfasterat a givenerror rateat lower pruninglevels. Over-
all, thevariablelengthsystemsarecapableof achieving trade-

offs thatwerenotattainedby thefixed-lengthmodels.
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Figure4: Speed/ accuracy trade-off on thesetof Italian tasks.
Thecurvesare generatedby varyingthelevel of pruningin the
acousticsearch.

5. Conclusion
This paperdemonstratesthat theMIC modelcanbe improved
by optimizing the degree of precisionby which covariances
areapproximatedon a per-covariancebasisinsteadof globally.
An efficient constrainedMLE algorithmwasproposedto per-
form thisper-covarianceweightallocation.Resultsonaspeech
recognitiontaskshow thattheerrorrateis reducedsignificantly,
andthatbetterspeed/ accuracy trade-offs canbeobtainedfor a
fixedaveragenumberof Gaussian-dependentparameters.
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